Introduction
Patients can enter a hospital in three ways: as an outpatient after a referral from a general practitioner, as an emergency patient in case of immediate need of specialist treatment and as an inpatient. Inpatient admissions can be distinguished into two types: scheduled and unscheduled. Scheduled inpatient admissions, also called elective patients, are selected from a waiting list or are given an appointment for an admission date. Unscheduled inpatient admissions, also called emergency admissions, concern patients that are immediately admitted, as a consequence of a medical decision by a specialist at the outpatient 1 department or at the emergency department. In this paper we will concentrate on elective inpatient admissions. Admissions planning decides on the number of patients admitted for a specialty each day, but also on the mix of patients admitted. Within a specialty different categories of patients can be distinguished on behalf of their requirement of resources. The type of resources required for an admission may involve beds, operating theatre capacity (in case of a surgical specialty), nursing capacity and intensive care (IC) beds. The mix of patients is, therefore, an important decision variable for the hospital to manage the workload of the inflow of inpatients. The current way of dealing with this issue is based on experience of planners rather than on a formal procedure. Often the only focus is the operating theatre capacity, because it is important that this resource is used to its maximum capacity. Admission planning in such a case boils down to operating theatre planning, as the other resources involved are not considered. Currently, there is no tool available to evaluate the patient admission profile (i.e., the number and the mix of patients to be admitted) on their consequences for the combined resources involved.
The literature on admission planning and patient classification is rather extensive; see Gemmel and Van Dierdonck [2] for a recent state of the art on admission planning. Though many studies are concerned with scheduling of admissions and resources, developing policies for admission based on the mix of different categories of patients within a specialty has not been investigated much before. Patient classification studies and patient mix studies are mostly used for marketing and finance purpose (see, for instance, Barnes and Krinsky [1] ) and not so much for patient flow planning.
In this paper we consider the following planning problem: how can a hospital generate a patient admission profile for a specialty, given targets for patient throughput and utilisation of the resources while satisfying given restrictions? In section 2 we will further elaborate on the planning problem by positioning it in a framework for production control of hospitals. Section 3 describes the integer linear programming model that has been developed for this planning problem. In section 4 we discuss the application of this model for orthopaedics in a pilot-hospital. Finally, in section 5 we will reflect on our contribution to this planning problem, by formulating conclusions and recommendations for further research.
Patient mix optimisation within the context of hospital production control
In this section we position the planning problem in a framework for production control. This framework has been developed by Groot, Kremer and Vissers [3] to describe the different planning levels required for hospital production planning table 1). To guarantee that decisions at a lower level of control are taken and executed within the boundaries set at a higher level, a control function needs to be implemented. This function measures the performance on a predefined set of performance indicators. This set of performance indicators must be constructed in such a way that decisions can be evaluated Table 1 : Production control decisions in a hospitaL and deviations from targets set can be explained. Using horizontal and vertical control loops in combination with the levels of production control described above, the production control framework can be further elaborated (see Groot, Kremer and Vissers [3] ).
The framework allows for positioning of different contributions to the planning problem addressed in this paper. At strategic level decisions are taken whether the categories of patients distinguished for admission planning fit in the profile of the hospital, and are not in conflict with arrangements with specialised or university hospitals. At main patient flow planning decisions are taken about the annual patient volumes and the service level. At this level hospital management negotiates with the purchasers of health care (health care insurance organisations) about the number of patients to be treated for the next year and this determines also the budget of the hospital for the costs of treatments. Essentially, at this stage the level of service that can be provided with the budget is also preset, as this is the result of a trade-off between service and utilisation of resources. The next two levels are responsible for defining the amount of capacity necessary to perform the service (capacity allocation) and for taking care that allocated capacity is available at the right time to avoid capacity loss (capacity scheduling). Due to the many dependencies there is a danger of sub optimisation and introduction of peaks and troughs in the workload of departments if requirements for capacity co-ordination are not taken into account. Hospitals that deal well with the decision making at these intermediate levels do not lose much capacity due to the way services are organised, but hospitals that perform less can lose more than 10%. The lowest level of the framework focuses on operational management and day-to-day planning.
In the previous section we formulated the following planning problem: how can a hospital generate a patient admission profile for a specialty, given different resource requirements for patient categories, targets for patient throughput and utilisation of the resources while satisfying given restrictions? We can now relate the different steps in the planning problem to the framework discussed above:
• The relevance of patient categories, distinguished in the planning problem, is part of the hospital strategic planning.
• Throughput refers to the the annual patient volume that is agreed upon at main patient flow planning level.
• Amount of resources available to a specialty refers to the level of capacity allocation, where annual patient throughputs are translated into capacity allocations; also at this level decisions are taken to set beds apart or reserve beds for emergency admissions.
• Utilisation of resources refers to the level of capacity scheduling, taking into account the dependencies between resources and the time-phased resource requirements of patient categories.
Therefore, we can conclude that the issue of the patient mix can be positioned at the level of capacity scheduling of the framework for hospital production controL The decision about an optimal patient mix for admission planning of a specialty is part of the fine-tuning at this level to avoid loss of capacity. The optimal patient mix will depend on the characteristics of the patient categories and the way resources are made available to the specialty concerned. The outcome will be an admission profile that describes the number of patients and the mix of admitted patients for each day in the planning period, and that has been evaluated on the projected levels of occupancy of the different resources involved. This admission profile can be used as guideline at the operational level of planning. \Vhen admission planning uses the admission profiles as a target mix to be filled in with daily admissions, one may expect results similar to the projections.
The model
In this section we translate the planning problem into a mathematical model in the form of an integer linear program (ILP). In the following subsection we first describe the various factors that are relevant to the planning problem. Then, in subsection 3.2 the mathematical model will be formulated.
Relevant factors
It will be clear from the discussion in the previous sections that the following factors play an important role in the planning problem.
• Planning period. This is the complete time period (typically several months or a year) over which the admittance of patients has to be planned.
• Patient categories.
There is usually such a wide variety of patients that they need to be categorised to make the planning problem more manageable. Patients are categorised according to their workload for the resources. Patients in the same category have a similar length of stay and require on average the same amount of nursing and operating theatre time.
• Resources. The relevant resources are beds, Ie beds, operating theatres and nursing staff.
• Available capacity of the resources. The bed and Ie bed capacity are the total number of beds available to the speciality at the wards and Ie unit, respectively. The operating theatre capacity is the total operating time available per day. Nursing workload is measured in points; the nursing capacity is the number of points that is available per day. Typically, the availability of resources varies over the planning period, and the capacities will be allocated in a cyclic (e.g., weekly) pattern.
• Planning cycle.
Since the capacities are allocated cyclically, it is natural to also consider cyclic admission patterns. On one hand, the cycle length should not be too short, because then patients with a low admission occurrence cannot be included in the admission cycle. On the other hand, a long cycle length results in a planning problem that is computationally too big to handle. In practice, the cycle length typically varies from one week to four weeks.
• Admission profile. The admission profile describes the inflow of patients, i.e., the number and mix of patients admitted on each day within the planning cycle.
• Target patient throughput. The target number of patients that should be admitted within the planning cycle. Of course, this number can be easily deduced from the target number of patients set for the whole planning period.
• Target utilisation of the resources. This is the desired utilisation (or occupancy rate) of the resources on each day of the planning cycle. It should be realised as close as possible.
• Restrictions on admission profiles. An admission profile realising the target throughput and resource utilisation may still be unacceptable for the specialty for a number of reasons. These reasons include:
(i) The specialty may want to the number of patients from a specific category admitted at a specific day in the admission cycle.
(ii) The number of patients from a certain combinantion of categories who can be nursed (or operated) on a single day is limited.
These options will be treated as additional restrictions for admission profiles.
This completes the description of the relevant factors. Clearly, the important decision variable is the admission profile, and the planning problem can now be reformulated as follows: find an admission profile for a given planning cycle such that the desired target utilisation of the resources is realised as close as possible, while satisfying the target patient throughput and restrictions.
Mathematical model
In this subsection we translate the planning problem into a mathematical model. Let T denote the length (in days) of the planning cycle, and let M denote the number of patient categories. The patients are categorised according to their workloads for the resources.
To describe the workloads of patients from category i, i = 1, ... , M, we introduce the following variables:
b i number of days that a patient from category i stays in the hospital and needs a bed;
Pi number of pre-operative days for a patient from category i;
Ci number of days that a patient from category i needs an IC bed; 0i the operation time (in minutes) for a patient from category i;
nit the nursing workload (in points) for a patient from category i on day t of his stay in the hospital, where t runs from 1 to b i .
On each day of his stay in the hospital a patient needs a nursing bed at the wards. Here we assume that a nursing bed is also reserved while the patient is in the IC unit. The number of IC-days are counted with the day of operation as starting point. Typically, the nursing workload is high on the day of operation, after which it gradually diminishes. The workload variables are illustrated in figure 1 . Finally, the target throughput of patient category i over the planning cycle is denoted by T H~.
It is convenient to number the resources operating theatre, nursing, beds and IC beds from 1 to 4. For resource r, r = 1, ... ,4, we then introduce the following quantities:
Crt available capacity of resource r on day t of the planning cycle;
U rt target utilization of resource r on day t of the planning cycle.
The important decision variables in the planning problem are the number and mix of patients admitted on each day of the planning cycle. Let X it denote the number of patients 6 nursing points 
and formulate linear constraints forcing these variables to be equal to the absolute deviation of the realized and target utilization. Below we first explain this for resource 1, i.e., the operating theatre. Since patients of category i are operated after being Pi days in the hospital, the realized utilization of the operating theatre on day t is equal to
Here we adopt the convention that subscript t in Xit should be read modulo T (so,
and minimize the sum
then it is readily verified that the minimum is realized for
So, indeed, Vitl + Vit2 is equal to the absolute deviation of the realized and target utilization of the operating theatre on day t of the planning cycle.
For the other resoures we formulate constraints similar to (4) and (5). That is, for nursing staff, beds and Ie beds we subsequently obtain
i=l d=l
i=l d=l Ai bi
The realized utilization of the resources may, of course, not exceed the available capacity. Thus,
Then, minimizing the absolute deviation of the realized and target utilization of the resources amounts to minimizing the sum Finally, we have to take into account the restrictions on admission profiles mentioned in the previous section. The first restriction just means that we fix certain variables Xit to prescribed values. For the second restriction we introduce B indicating the maximum number of patients from categories i E S that can be nursed on a single day, where S is a subset of {I, ... , M}. Then, the second restriction translates to:
Summarizing, our planning problem can be formulated as the following ILP.
subject to (1)- (13) 3.3 Solution approach (13) 
To solve (14) we used the solver MOMIP. is an optimisation solver for middle-sized mixed integer programming problems, based on the branch-and-bound algorithm. It has been developed by W. Ogryczak and K. Zorychta from the International Institute for Applied Systems Analysis (IIASA); see [£1, 5J. A nice feature of this solver is that it allows the user to control the computation time (by limiting the number of nodes examined), of course, without guarantee to find the optimal solution. In the application presented in the next section we bounded the computational effort for each scenario, and always found a good (but maybe not optimal) solution in a few minutes computer time on an ordinary PC. The model has been implemented in a decision support system that is used in a hospital, see [6] .
Application
The model has been applied to the specialty of orthopaedics in a general hospital setting. We will first discuss the input of the model, then show some analyses to illustrate the correct working of the model, and finally discuss results of the application of the model to orthopaedics.
Input
In this section the input of the model will be discussed, using data of orthopaedics in a medium-sized general hospital with 450 beds and 4 orthopaedic surgeons.
Patient inflow and throughput
In 1998 about 760 inpatients were admitted and 700 day-cases. About 15% of the inpatients were admitted as emergencies, while the remaining was admitted on an elective basis using a waiting list. Day-cases are always elective admissions. The average length of stay of inpatients (exclusive day-cases) is 12.4 days. There are 11 categories of patients that can be distinguished in orthopaedics.
Based on the actual admissions per week, we will use the inflow of week 12 in 1998 as a representative inflow pattern, but also use an average inflow pattern, based on the annual output. Table 2 Table 2 : Number of admissions per category of patients in the sample week and the average week
Demand requirements
The patient categories can be characterised on a number of features, such as length of stay, nursing workload, day and duration of operation, and use of IC-beds. These features are given in table 3. The nursing workload profile is expressed in number of days with Z workload (5 points), number of days with M workload (2 points) and number of days with L workload (1 point). For example, the workload in figure 1 would be expressed as L2Z2M2L3. Day of operation = 1 implies that the patient is operated on the day of admission. IC days are counted from the day of operation as reference point.
Available resources
Orthopaedics has 28 beds allocated at the ward, including beds for short-stay. There are also beds for day-surgery patients, shared with other specialties, but we will concentrate on inpatients. The four orthopaedic surgeons have each day operating theatre sessions, in As one can see, the availability of resources is less during the weekend. During the weekend there is no operating theatre capacity available and no IC-beds; also there are no short-stay beds available and the nursing staff is less.
Capacity load factors and resource importance
The different resources each have a target occupancy level, which defines the level of occupancy that reflects a realistic target workload. This can be different during the weekend. Table 5 provides information on the target occupancy level for each type of resource.
The above-mentioned data are required to describe the production system of the specialty. The extra input required for the mathematical model is the weight function for the optimisation, and information on restrictions imposed on the planning problem. day no operating theatres nursing beds IC-beds 1  85%  95%  90%  0%  2  85%  95%  90%  0%  3  85%  95%  90%  100%  4  85%  95%  90%  0%  5  85%  95%  90%  0%  6  0%  95%  80%  0%  7 0% 95% 80% 0% Table 5 : Target occupancy levels per type of resource. Table 6 gives the weights a r used to reftect the relative importance of the different resources involved, according to the participants in the hospital. The weight range used is the following: 0 = ignore, 1 not important, 2 = barely important, 3 = medium importance, 4 Table 6 : Relative weights per type of resource.
As one can see, operating theatres and Ie-bed use are considered as very important, bed use is considered as important, and nursing workload is considered as of medium importance.
Restrictions
In reality many restrictions can play a role that will make it difficult to realise a feasible admission profile. We will illustrate this feature of the model with two examples of restrictions in the case of orthopaedics. The first restriction that plays a role in the planning problem is that category 6 patients, having a length of stay of 5 days, need to be admitted on Monday in order to have them discharged before the weekend. Furthermore, the number of category 1 patients is limited to six patients a day from Monday to Friday, in order to avoid a concentration of day-surgery patients (leading to extra handling for the nurses) on one day.
Sensitivity analysis
This section contains results produced by the model to illustrate the model's behaviour on the use of the weighting function for the relative importance of the different resources. The outcomes provide evidence that the model indeed does what it should do.
We will start with the current setting for the weighting function provided in table 6, and use the average weekly throughput of patients in table 2. The other parameters are set according to the settings in the current situation described before. Clearly, we are looking for a weekly admission profile. The output of the model for the current setting is shown in table 7 (utilisation figures) and table 8 (admission profile) . The numbers between parenthesis indicate the relative weights.
operating theatres (5) nursing (3) beds (4) Ie-beds (5) Table 7 : Model output for the current setting.
As can be seen from table 7, operating theatre utilisation shows the least performance due to an over-capacity that is made available to orthopaedics. The use of beds follows the target line reasonably well and the nursing workload and the IC-use are according to the target lines. The score of the solution, based on the objective function, is 1.561. The weekly admission profile suggested by the model is shown in table 8. Table 8 : Admission profile for current setting.
As can be seen from table 8, the restrictions regarding patient categories 1 and 6 have been dealt with properly. Also, the category 10 patient is admitted on Tuesday to be in need of an IC-bed on Wednesday.
Suppose we reduce the operating theatre resources to find a better fit between demand for and supply of resources. Table 9 shows the results in case we reduce the operating theatre resources available to orthopaedics to 260 minutes a day.
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operating theatres (5) nursing (3) beds (4) IC-beds (5) day no target realised target realised target realised target realised  1  221  243  76  73  25  22  0  0  2  221  220  76  77  25  24  0  0  3  221  200  76  78  25  23  1  1  4  221  227  76  77  25  25  0  0  5  221  210  76  74  25  25  0  0  6  0  0  66  64  16  16  0  0   I   7  0  0  66  64  16  17  0  0   Table 9 : Model output for the current setting with reduced operating theatre capacity. Table 9 shows that the reduced operating theatre capacity is sufficient to handle the demand, and the occupancy lines follow the target lines reasonably well. The objective function score of this solution is 0.530. This shows that the deviations from the target lines in table 9 are less than the deviations in table 7.
Suppose we change the weight function, focusing on optimising one resource type, say operating theatres; we give operating theatres capacity a maximum weight of 5 and the other resources a minimum weight of 1. Table 10 shows the results of this change in the parameter setting of the weight function.
operating theatres (5) nursing (1) beds (1) IC-beds (1) i day no target realised target realised target realised target realised  1  221  206  76  69  25  21  0  0  2  221  222  76  76  25  25  0  0  3  221  220  76  79  25  24  1  1  4  221  232  76  80  25  24  0  0  5  221  220   I   76   78   25  25  0  0  6  0  0  66  65  16  16  0  0  7  0  0  66  62  16  17  0  0   Table 10 : Model output with maximum weight for operating theatre use.
As can be seen from table 10, the use of operating theatre capacity has improved and the use of beds and nursing workload has slightly worsened; the use of the Ie-beds is unaltered.
Results
Focussing on the contribution of mathematical model to the planning problem of orthopaedics, we will illustrate this with output of the model for the following situations:
• What if we use the programme of week 12, the sample week, in combination with the original settings?
• \Vhat is an adequate availability of resources for the average week programme?
We first evaluate the feasibility of the programme of week 12 table 2). The total number of patients is the same as for the average week programme, but there is a substitution towards patient categories requiring more resources (categories 8 and 11). Using the model for this inflow of patients results in no feasible admission profile found within the restrictions defined for the planning problem. Looking at table 7, one may suspect that the nursing capacity and the bed capacity have acted as bottlenecks obstructing a feasible admission profile, and not the operating theatre capacity. The conclusion is that the programme of week 12, though the number of patients is adequate, has a mix of patients that does not fit within the capacity constraints for orthopaedics. Probably, the orthopaedic surgeons have only considered the operating theatre capacity, when deciding the week programme, and not bed and nursing capacity.
So, the first decision orthopaedics has to make is the week programme that reflects the maximum number and mix of patients that can be admitted as elective patients, given the capacity constraints. This can be calculated from the target volumes at annual level, given the number of weeks operating theatres are available to orthopaedics. Perhaps it is necessary to make different week programmes for each season, but in total it has to result in the annual target volumes.
Suppose we use the average week programme as given in table 2, how many resources do we need then to adequately fit the demand of resources? We follow a stepwise procedure. First we observe in table 9 that operating theatre capacity is on average at the target level, so further reduction will not be wise. The only resource worthwhile to consider is the bed capacity. By reducing the bed capacity during the week to 27 beds, we arrive to the results as shown in table 11. operating theatres (5) nursing ( 1  221  216  76  77  24  24  0  0  2  221  227  76  75  24  23  0  0  3  221  220  76  77  24  24  1  1  4  221  217  76  79  24  24  0  0  5  221  220  76  74  24 Clearly, there are different answers possible to the question put forward on the amount of resources that would adequately fit to the demand required for the average week programme, but the solution presented does show off good results. The objective function produces a score of 0.206. This is a better fit, compared to the fit in table 9 with a score of 0.530.
Up to now we only considered flat lines, with a shift of level during the weekend. One step further would be to consider solutions with a different amount of resources allocated within the days of the week. Suppose we increase the operating theatre capacity in the beginning of the week and decrease the capacity at the end of the week. See table 12 for the allocations used per day, and the results. operating theatres (5) nursing (3) beds (4) IC-beds (5)  day no target  realised  target realised target realised target realised  1  238  238  76  73  24  23  0  0  2  238  235  76  77  24  25  0  0  3  222  217  76  76  24  23  1  1  4  204  200  76   77   22  22  0  0  5  204  210  76  73  22 Table 12 : Results for varying amounts of allocated capacity per day.
As can be seen from table 12, by allocating more operating theatre resources and bed resources in the beginning of the week but increasing the number of beds available during the weekend, we seem to get a better fit between demand and supply. The objective function score is 0.235, showing, however, that this solution is slightly worse then the one in table 11. As both scores are almost equal one could say that both solutions are resulting in a similar performance. The amount of resources used in table 12 is almost similar as in table 11: the amount of operating theatre capacity used is nearly the same, the nursing capacity is better and the number of beds used is slightly worse. Perhaps a similar approach to the allocation of nursing capacity (following the availability of beds) would result in a small improvement in the use of nursing capacity. The day dependent allocation makes it possible to reflect better the resource demands caused by the short-stay policy followed for many orthopaedic patients. On the other hand, the fixed allocation is perhaps more easy to implement, and does not result in a loss of performance, provided the right level of availability of resources.
Conclusions
Based on the results described in the previous section, we can conclude that the model is able to generate a good admission profile per category. With a good admission profile we mean a profile that results in a small deviation between the realised and the target resource utilisation, while the total available capacity of the different resources is not exceeded, the target patient throughput is met and the given restrictions are not violated. vVe also demonstrated that the model can be used to tune the level of availability of resources to the demand.
Further research and development is required to develop planning policies for defining reserve capacity for emergency patients, and buffer capacity required to cope with variations in the resource requirements per patient category. 16 
